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Jump measure densities corresponding to Brownian motion on an annulus
TAKEMURA…Tomoko＊
＊…Faculty（Natural…Sciences,…Mathematics）,…Assistant…Professor
Jump measure densities corresponding to
Brownian motion on annulus
TAKEMURA Tomoko∗
1 Introduction
We consider jump measure densities for Dirichlet forms of non-local type corresponding
to skew product diffusion process of a one dimensional diffusion process on R and the
spherical Brownian motion on Sd−1. We showed a limit theorem for Dirichlet forms of
local type to that of non-local type, in view of semi groups for time changes of these skew
product in [7]. The Dirichlet forms corresponding to the limit processes are obtained
in [8]. The Dirichlet form corresponding to the limit process has a diffusion part, a jump
part, and a killing part. We are interested characteristics of a one dimensional diffusion
process and the spherical Brownian motion appeared in the jump part of the Dirichlet
form. In this paper we discuss a jump rate corresponding to time changed skew product
diffusion process of an extended Bessel process and the spherical Brownian motion. We
focus on 2 dimensional case so that the corresponding skew product diffusion processes is
recurrent. We can find the effects of recurrent property to jump rates. We clarify jump
measure densities corresponding to Brownian motion on annulus.
2 Preliminaries
Let sR be a continuous strictly increasing function on an open interval I = (l1, l2), and m
R
be a right continuous nondecreasing function on I, where 0 ≤ l1 < l2 ≤ ∞. We denote
by R = [R(t), PRr ] a one dimensional diffusion process on I with scale function s
R, speed
measure mR and no killing measure. We denote by dsR and dmR the measures induced
by sR and mR, respectively. We assume that supp[mR], the support of dmR, coincides
with I. We consider the following symmetric bilinear form (ER,FR).
ER(u, v) =
∫
I
du
dsR
dv
dsR
dsR,(2.1)
FR = {u ∈ L2(I,mR) : u is absolutely continuous on I with respect to
dsR and ER(u, u) <∞, u(li) = 0 if |sR(li)| <∞}.(2.2)
We set CR = {u◦sR : u ∈ C10(J)}, where J = sR(I) and C10 (J) is the set of all continuously
differentiable functions on J with compact support. Then (ER,FR) is a regular, strongly
local, irreducible Dirichlet form on L2(I,mR) possessing CR as its core and corresponding
to the one dimensional diffusion R = [Rt, P
R
r ] (see [1], [4]). We note that the one
dimensional diffusion R has the local time lR(t, r) which is continuous with respect to
(t, r) ∈ [0,∞) × I and satisfies ∫ t
0
1A(R(u)) du =
∫
A
lR(t, r) dmR(r), t > 0, for every
measurable set A ⊂ I (see [5]), where 1A is the indicator for a set A. We set
Jµ,ν(li) =
∫
(c,li)
dµ(x)
∫
(c,x]
dν(y), an arbitrary point c ∈ I,
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for Borel measures µ and ν on I. Following [2], we call the end point li to be
(s,m)-regular if Js,m(li) <∞ and Jm,s(li) <∞,
(s,m)-exit if Js,m(li) <∞ and Jm,s(li) =∞,
(s,m)-entrance if Js,m(li) =∞ and Jm,s(li) <∞,
(s,m)-natural if Js,m(li) =∞ and Jm,s(li) =∞,
where s = sR and m = mR. Following [4], we call ER to be conservative if pRt 1 = 1, t > 0.
Since pRt 1(r) = P
R
r (t < σ
R
l1
∧ σRl2), we see that pRt 1 = 1 if and only if
both of li, i = 1, 2, are (s
R,mR)-entrance or natural,(2.3)
where σXξ is a first hitting time to ξ of a process X = [Xt, P
X], that is, σXξ = inf{t >
0 ; Xt = ξ}, and a ∧ b is the smaller of a and b.
Next we consider the spherical Brownian motion BM(Sd) on Sd ⊂ Rd+1 with generator
1
2
∆, where ∆ is the spherical Laplacian on Sd. We denote by pΘt the semigroup of the
spherical Brownian motion Θ = [Θ(t), PΘθ ], that is,
pΘt f(θ) = E
PΘθ [f(Θ(t))] =
∫
Sd−1
pΘ(t, θ, ϕ)f(ϕ)dmΘ(ϕ), t > 0, θ ∈ Sd−1,
for f ∈ Cb(Sd−1), where pΘ(t, θ, ϕ) stands for the transition probability density of Θ. It
is known that pΘ(t, θ, ϕ) is represented by spherical harmonics Sln, that is,
pΘ(t, θ, ϕ) =
∞∑
n=0
e−γnt
κ(n)∑
l=1
Sln(θ)S
l
n(ϕ),(2.4)
where γn =
1
2
n(n+d−2), κ(n) = (2n+d−2) · (n+d−3)!/n!(d−2)! which is the number
of spherical harmonics of weight n, 1
2
Sln = −γnSln, and∫
Sd−1
SlnS
k
n dm
Θ =
{
l, l = k,
0, l = k.
Since
∫
Sd−1 dm
Θ = 2pi
d
2 /Γ(d
2
), which is the total area of the spherical surface Sd−1, we see
Sl0 = {2pi
d
2 /Γ(d
2
)}−1/2. Note that κ(0) = 1. When d = 2, (2.4) is reduced to
pΘ(t, θ, ϕ) =
1
2pi
+
1
pi
∞∑
n=1
e−n
2t/2{cosnθ cosnϕ+ sinnθ sinnϕ}
=
1
2pi
+
1
pi
∞∑
n=1
e−n
2t/2 cosn(θ − ϕ).
Let ν be a Radon measure on I and assume that supp[ν], the support of ν, coincides
with I. We set
f(t) =
∫
I
lR(t, r) dν(r), t ≥ 0.
Since supp[ν] = I, we see that
PRr (f(t) > 0, t > 0) = 1, r ∈ I.
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We assume (2.3). Let Y = [Y (t) = (R(t),Θ(f(t))), PY(r,θ) = P
R
r ⊗PΘθ , (r, θ) ∈ I ×Sd−1] be
the skew product of the one dimensional diffusion process R and the spherical Brownian
motion Θ with respect to the positive continuous additive functional f(t), and set
EY(f, g) =
∫
Sd−1
ER(f(·, θ), g(·, θ)) dmΘ(θ) +
∫
I
EΘ(f(r, ·), g(r, ·)) dν(r),
for f, g ∈ CY, where
CY = {f(sR(r), θ) : f ∈ C∞0 (J × Sd−1)},
and J = sR(I). The form (EY, CY) is closable on L2(I × Sd−1,mR ⊗ mΘ). The closure
(EY,FY) is a regular Dirichlet form and it is corresponding to the skew product Y.
Let µ be a non-trivial Radon measure on I and set
g(t) =
∫
I
lR(t, r) dµ(r), t > 0.
We denote by τ(t) the right continuous inverse of g(t). We consider the time changed
process Ξ = [Ξt = (Rτ(t),Θf(τ(t))), P
Ξ
(r,θ) = P
R
r ⊗ PΘθ , (r, θ) ∈ I × Sd−1]. Note that the
time changed process U = [Rτ(t), P
R
r ] is a one dimensional diffusion proess with the scale
function sR and the speed measure µ. We set Λ = supp[µ] and Γ = Λ× Sd−1. Also note
that the time changed process Ξ is essentially defined on Γ. In the following, besides (2.3)
we assume that
for any compact set B ⊂ I, there exists a positive
constant MB satisfying 1B(r) ds
R(r) ≤MB1B(r) dmR(r).(2.5)
We note that the measure µ⊗mΘ charges no set of zero EY-capacity.
We note that I \ Λ = ∪k∈KIk, a finite or a countable disjoint union of open intervals
Ik = (ak, bk) with the end points belonging to Λ∪{l1, l2}. Since CY|Γ is a core of (EΞ,FΞ),
we fix a u ∈ CY and set f = u|Γ. Then f ∈ FΞ and
EΞ(f, f) = EY(HΓu,HΓu),
where HΓu(r, θ) = E
PY
(r,θ)
[
u
(
YσYΓ
)
; σYΓ <∞
]
, and σYΓ = inf{t > 0 : Yt ∈ Γ}. We are
going to derive an explicit form of EYIk(HΓu,HΓu). For r ∈ Ik = (ak, bk) and θ, ϕ ∈ Sd−1,
we set
Gk,1(r; θ, ϕ) = E
PRr [pΘ(f(σRbk), θ, ϕ); σ
R
bk
< σRak ],(2.6)
Gk,2(r; θ, ϕ) = E
PRr [pΘ(f(σRak), θ, ϕ); σ
R
ak
< σRbk ].(2.7)
By means of (2.4) we see that
Gk,1(r; θ, ϕ) =
∞∑
n=0
κ(n)∑
l=1
Sln(θ)S
l
n(ϕ)E
PRr [e
−γnf(σRbk ); σRbk < σ
R
ak
],
Gk,2(r; θ, ϕ) =
∞∑
n=0
κ(n)∑
l=1
Sln(θ)S
l
n(ϕ)E
PRr [e−γnf(σ
R
ak
); σRak < σ
R
bk
],
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for r ∈ Ik = (ak, bk) and θ, ϕ ∈ Sd−1. By virtue of a general theory of one dimensional
diffusion’s, there exist the following limits (see [6]).
J1,1k (θ, ϕ) := lim
r↓a
DsR(r)Gk,2(r; θ, ϕ),
J1,2k (θ, ϕ) := lim
r↓a
DsR(r)Gk,1(r; θ, ϕ),
J2,1k (θ, ϕ) :=− lim
r↑b
DsR(r)Gk,2(r; θ, ϕ),
J2,2k (θ, ϕ) :=− lim
r↑b
DsR(r)Gk,1(r; θ, ϕ).
We denote by M the product measure mΘ ⊗mΘ. Assume that ∫
Λ
dsR > 0. Let u ∈ CY
and put f = u|Γ. Then there exists the limit
∂∗sRf(r, θ) := lim
r′(∈Λ)→r
f(r′, θ)− f(r, θ)
sR(r′)− sR(r) = limr′→r
u(r′, θ)− u(r, θ)
sR(r′)− sR(r) ,
for dsR-a.e. r ∈ Λ and every θ ∈ Sd−1.
Theorem 2.1 ( [7]) Assume Λ = I, (2.3) and (2.5). Then the Dirichlet form (EΞ,FΞ)
of Ξ is regular on L2(Γ, µ⊗mΘ) and has CY|Γ as a core. For f ∈ CY|Γ, the Dirichlet form
(EΞ,FΞ) is given by the following.
EΞ(f, f) =
∫
Γ
∂∗sRf(r, θ)
2 dsR(r) dmΘ(θ) +
∫
Λ
EΘ(f(r, ·), f(r, ·)) dν(r)
+
1
2
∑
k∈K:l1<ak<bk≤l2
∫
Sd−1×Sd−1
{f(ak, θ)− f(ak, ϕ)}2J1,1k (θ, ϕ) dM(θ, ϕ)
+
1
2
∑
k∈K:l1≤ak<bk<l2
∫
Sd−1×Sd−1
{f(bk, θ)− f(bk, ϕ)}2J2,2k (θ, ϕ) dM(θ, ϕ)
+
1
2
∑
k∈K:l1<ak<bk<l2
∫
Sd−1×Sd−1
{f(ak, θ)− f(bk, ϕ)}2J1,2k (θ, ϕ) dM(θ, ϕ)
+
1
2
∑
k∈K:l1<ak<bk<l2
∫
Sd−1×Sd−1
{f(bk, θ)− f(ak, ϕ)}2J2,1k (θ, ϕ) dM(θ, ϕ).
Here the first term of the right hand side vanishes in case that
∫
Λ
dsR(r) = 0.
3 Exact representation of Jump measure densities
In this section we consider the jump measure densities associated with Brownian motion
on annulus. Let Y be a skew product of an extended Bessel process and the spherical
Brownian motion, and X be the time changed process of Y . Here an extended Bessel pro-
cess means that the diffusion process on I coincides with a Bessel process on subinterval.
We give an exact representation of jump measure densities on annulus for X. First we
summarize some properties of a Bessel process. Let d = 2 and R be the Bessel process
on I = (0,∞) with the generator GR = 1
2
( d
2
dr2
+ 1
r
d
dr
). We may set dsR(r) = 2r−1dr and
dmR(r) = rdr. By means of (2.1) and (2.2), the Dirichlet form associated with R is given
by
ER(u, v) =
∫ ∞
0
∂u
∂r
∂v
∂r
r dr,
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FR = {u ∈ L2(I, rdr) : u is absolutely continuous on (0,∞) with
respect to dr and ER(u, u) <∞}.
We note that (ER,FR) has C10 (I) as its core, for C10(I) = CR = {u ◦ sR;u ∈ C10 (J)} with
J = sR(I). The end point 0 is (sR,mR)-entrance and the end point∞ is (sR,mR)-natural.
We set
f(t) =
∫
I
lR(t, r)r−1 dr =
∫ t
0
R−2u du, t > 0.
In the same way as in [5], we obtain the following
EP
R
r [e−γnf(σ
R
a ); σRa < σ
R
b ] =
(b/r)n − (r/b)n
(b/a)n − (a/b)n , a < r < b.(3.1)
EP
R
r [e−γnf(σ
R
b ); σRb < σ
R
a ] =
(r/a)n − (a/r)n
(b/a)n − (a/b)n , a < r < b.(3.2)
Here γn =
1
2
n2, 0 < a < b < ∞ and n ≥ 0. If n = 0, (3.1) and (3.2) are reduces to (3.3)
and (3.4), respectively.
PRr (σ
R
a < σ
R
b ) =
log b/r
log b/a
, a < r < b,(3.3)
PRr (σ
R
b < σ
R
a ) =
log r/a
log b/a
, a < r < b.(3.4)
In the following we discuss the Brownian motion on an annulus (a, b)× S1.
We denote by Re an extended Bessel process on I and by Θ the spherical Brownian
motion on S1. We set
X = [X(t) = (Reτ(t),Θf(τ(t))), P
Ξ
(r,θ) = P
Re
r ⊗ PΘθ , (r, θ) ∈ I × Sd−1],
where τ(t) is the right continuous inverse of g(t) =
∫
I
lR
e
(t, r) dµ(r), t > 0 and f(t) =∫
I
lR
e
(t, r) dν(r), t > 0. Let dµ(r) = 1(0,a)∪(b,∞)(r)dmR(r) and dν(r) = 1(0,a)(r)dω(r) +
1(a,b)(r)r
−2dmR(r)+1(b,∞)(r)dω(r), where 0 < a < b <∞ and ω is a Radon measure on I
such that supp[ω] = I and | ∫
(0,a)∪(b,∞) s
R(r) dω(r)| = ∞. This one dimensional diffusion
process Re on (0,∞) coincides with the Bessel process R on subinterval (a, b). By virtue
of Theorem 2.1, we get the following. For f ∈ CY|(0,a)∪(b,∞)×S1 = C∞0 (I×S1)|(0,a)∪(b,∞)×S1 ,
EX(f, f) =1
2
∫
(0,a)∪(b,∞)×S1
∂f
∂r
(r, θ)2 rdr dmΘ(θ)
+
∫
(0,a)∪(b,∞)
EΘ(f(r, ·), f(r, ·)) dω(r)
+
1
2
∫
S1×S1
{f(a, θ)− f(a, ϕ)}2J1,1(θ, ϕ) dM(θ, ϕ)
+
1
2
∫
S1×S1
{f(b, θ)− f(b, ϕ)}2J2,2(θ, ϕ) dM(θ, ϕ)
+
1
2
∫
S1×S1
{f(a, θ)− f(b, ϕ)}2J1,2(θ, ϕ) dM(θ, ϕ)
+
1
2
∫
S1×S1
{f(b, θ)− f(a, ϕ)}2J2,1(θ, ϕ) dM(θ, ϕ),
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where G1 and G2 are given by (2.6) and (2.7) with a = ak and b = bk, respectively, and
J i,j are given by J i,jk . We obtain the jump measure densities as follows. By means of an
infinite series, we have
EP
R
r [e−γnf(σ
R
a ); σRa < σ
R
b ] =
(b/r)n − (r/b)n
(b/a)n − (a/b)n
=
∞∑
m=0
{(a
r
)n(a
b
)2nm
−
(r
b
)n(a
b
)2nm+n}
,
EP
R
r [e−γnf(σ
R
b ); σRb < σ
R
a ] =
(r/a)n − (a/r)n
(b/a)n − (a/b)n
=
∞∑
m=0
{(r
b
)n(a
b
)2nm
−
(a
r
)n(a
b
)2nm+n}
.
Since |Sln(θ)| < 1 and d’Alembert principle, we obtain
G1(r; θ, ϕ) =
∞∑
n=0
κ(n)∑
l=1
Sln(θ)S
l
n(ϕ)
∞∑
m=0
{(r
b
)n(a
b
)2nm
−
(a
r
)n(a
b
)2nm+n}
=
S10(θ)S10(ϕ) log r/alog b/a +
∞∑
n=1
κ(n)∑
l=1
Sln(θ)S
l
n(ϕ)
∞∑
m=0
{(r
b
)n(a
b
)2nm
−
(a
r
)n(a
b
)2nm+n}
=
1
2pi
log r/a
log b/a
+
∞∑
m=0
 1pi
(
r
b
)(
a
b
)2m
cos(θ − ϕ)−
(
r
b
)2(
a
b
)4m
1− 2
(
r
b
)(
a
b
)2m
cos(θ − ϕ) +
(
r
b
)2(
a
b
)4m
− 1
pi
(
a
r
)(
a
b
)2m
cos(θ − ϕ)−
(
a
r
)2(
a
b
)4m
1− 2
(
a
r
)(
a
b
)2m
cos(θ − ϕ) +
(
a
r
)2(
a
b
)4m
 .
Therefore
DsR(r)G1(r; θ, ϕ) = − 14pi
1
log a/b
+
∞∑
m=0
 1
2pi
(
r
b
)(
a
b
)2m
cos(θ − ϕ)− 2
(
r
b
)2(
a
b
)4m
1− 2
(
r
b
)(
a
b
)2m
cos(θ − ϕ) +
(
r
b
)2(
a
b
)4m
+
1
pi

(
r
b
)(
a
b
)2m
cos(θ − ϕ)−
(
r
b
)2(
a
b
)4m
1− 2
(
r
b
)(
a
b
)2m
cos(θ − ϕ) +
(
r
b
)2(
a
b
)4m

2
+
1
2pi
(
a
r
)(
a
b
)2m+1
cos(θ − ϕ)− 2
(
a
r
)2(
a
b
)4m+2
1− 2
(
a
r
)(
a
b
)2m+1
cos(θ − ϕ) +
(
a
r
)2(
a
b
)4m+2
+
 1pi
(
a
r
)(
a
b
)2m+1
cos(θ − ϕ)−
(
a
r
)2(
a
b
)4m+2
1− 2
(
a
r
)(
a
b
)2m+1
cos(θ − ϕ) +
(
a
r
)2(
a
b
)4m+2

2 ,
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DsR(r)G2(r; θ, ϕ) =
∞∑
n=0
κ(n)∑
l=1
Sln(θ)S
l
n(ϕ)
∞∑
m=0
{(a
r
)n(a
b
)2nm
−
(r
b
)n(a
b
)2nm+n}
=
1
4pi
1
log a/b
−
∞∑
m=0
 1
2pi
(
a
r
)(
a
b
)2m
cos(θ − ϕ)− 2
(
a
r
)2(
a
b
)4m
1− 2
(
a
r
)(
a
b
)2m
cos(θ − ϕ) +
(
a
r
)2(
a
b
)4m
+
1
pi

(
a
r
)(
a
b
)2m
cos(θ − ϕ)−
(
a
r
)2(
a
b
)4m
1− 2
(
a
r
)(
a
b
)2m
cos(θ − ϕ) +
(
a
r
)2(
a
b
)4m

2
+
1
2pi
(
r
b
)(
a
b
)2m+1
cos(θ − ϕ)− 2
(
r
b
)2(
a
b
)4m+2
1− 2
(
r
b
)(
a
b
)2m+1
cos(θ − ϕ) +
(
r
b
)2(
a
b
)4m+2
+
1
pi

(
r
b
)(
a
b
)2m+1
cos(θ − ϕ)−
(
r
b
)2(
a
b
)4m+2
1− 2
(
r
b
)(
a
b
)2m+1
cos(θ − ϕ) +
(
r
b
)2(
a
b
)4m+2

2 .
Therefore we obtain the jump rates.
J1,1(θ, ϕ) = lim
r↓a
DsR(r)Gk,2(r; θ, ϕ)
=
1
4pi
1
log a/b
−
∞∑
m=0
 1
2pi
(
a
b
)2m
cos(θ − ϕ)− 2
(
a
b
)4m
1− 2
(
a
b
)2m
cos(θ − ϕ) +
(
a
b
)4m
+
1
pi

(
a
b
)2m
cos(θ − ϕ)−
(
a
b
)4m
1− 2
(
a
b
)2m
cos(θ − ϕ) +
(
a
b
)4m

2
+
1
2pi
(
a
b
)2m+2
cos(θ − ϕ)− 2
(
a
b
)4m+4
1− 2
(
a
b
)2m+2
cos(θ − ϕ) +
(
a
b
)4m+4
+
1
pi

(
a
b
)2m+2
cos(θ − ϕ)−
(
a
b
)4m+4
1− 2
(
a
b
)2m+2
cos(θ − ϕ) +
(
a
b
)4m+4

2 ,
J1,2(θ, ϕ) = lim
r↓a
DsR(r)Gk,1(r; θ, ϕ)
= − 1
4pi
1
log a/b
+
∞∑
m=0
 1
pi
(
a
b
)2m+1
cos(θ − ϕ)− 2
(
a
b
)4m+2
1− 2
(
a
b
)2m+1
cos(θ − ϕ) +
(
a
b
)4m+2
+
2
pi

(
a
b
)2m+1
cos(θ − ϕ)−
(
a
b
)4m+2
1− 2
(
a
b
)2m+1
cos(θ − ϕ) +
(
a
b
)4m+2

2 ,
J2,1(θ, ϕ) = J1,2(θ, ϕ),
J2,2(θ, ϕ) = J1,1(θ, ϕ).
We note that J1,1(θ, ϕ), J1,2(θ, ϕ), J2,1(θ, ϕ), and J2,2(θ, ϕ) means the jump rate to a×S1
from a × S1, to b × S1 from a × S1, to a × S1 from b × S1, and to b × S1 from b × S1,
respectively.
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4 Remarks
In this section we give some remarks. First we show that the relation between the jump
rate on an annulus and that on a disc.
Lemma 4.1 For θ − ϕ = 2npi, we have the limit of the jump rates as a goes to 0 and b
goes to ∞.
lim
a→0
J1,1(θ, ϕ) = lim
b→∞
J1,1(θ, ϕ) = lim
a→0
J2,2(θ, ϕ) = lim
b→∞
J2,2(θ, ϕ) =
1
4pi
1
1− cos(θ − ϕ) ,
(4.1)
lim
a→0
J1,2(θ, ϕ) = lim
b→∞
J1,2(θ, ϕ) = lim
a→0
J2,1(θ, ϕ) = lim
b→∞
J2,1(θ, ϕ) = 0.
(4.2)
The equations (4.1) equal to the jump rate on disk obtained Example in [7]. Especially
we note that limb→∞ J2,2(θ, ϕ) means the jump rate at ∞. The equations (4.2) suggest
the effects of the recurrence property and entrance at the end point 0.
Next we note jump rates in the special case of argument. We note that the following
representation.
J1,1(θ, ϕ) =
1
4pi
1
log a/b
−
[
1
2pi
cos(θ − ϕ)− 2
2(1− cos(θ − ϕ)) +
1
4pi
+
1
2pi
(
a
b
)2
cos(θ − ϕ)− 2
(
a
b
)4
1− 2
(
a
b
)2
cos(θ − ϕ) +
(
a
b
)4 + 1pi

(
a
b
)2
cos(θ − ϕ)−
(
a
b
)4
1− 2
(
a
b
)2
cos(θ − ϕ) +
(
a
b
)4

2
−
∞∑
m=1
 1
2pi
(
a
b
)2m
cos(θ − ϕ)− 2
(
a
b
)4m
1− 2
(
a
b
)2m
cos(θ − ϕ) +
(
a
b
)4m + 1pi

(
a
b
)2m
cos(θ − ϕ)−
(
a
b
)4m
1− 2
(
a
b
)2m
cos(θ − ϕ) +
(
a
b
)4m

2
+
1
2pi
(
a
b
)2m+2
cos(θ − ϕ)− 2
(
a
b
)4m+4
1− 2
(
a
b
)2m+2
cos(θ − ϕ) +
(
a
b
)4m+4 + 1pi

(
a
b
)2m+2
cos(θ − ϕ)−
(
a
b
)4m+4
1− 2
(
a
b
)2m+2
cos(θ − ϕ) +
(
a
b
)4m+4

2 ,
J1,2(θ, ϕ) =
− 1
4pi
1
log a/b
+
1
pi
(
a
b
)
cos(θ − ϕ)− 2
(
a
b
)2
1− 2
(
a
b
)
cos(θ − ϕ) +
(
a
b
)2 + 2pi

(
a
b
)
cos(θ − ϕ)−
(
a
b
)2
1− 2
(
a
b
)
cos(θ − ϕ) +
(
a
b
)2

2
+
∞∑
m=1
 1
pi
(
a
b
)2m+1
cos(θ − ϕ)− 2
(
a
b
)4m+2
1− 2
(
a
b
)2m+1
cos(θ − ϕ) +
(
a
b
)4m+2 + 2pi

(
a
b
)2m+1
cos(θ − ϕ)−
(
a
b
)4m+2
1− 2
(
a
b
)2m+1
cos(θ − ϕ) +
(
a
b
)4m+2

2 .
Lemma 4.2 We have the following limits as θ − ϕ goes to 2npi.
lim
θ−ϕ→2npi
J i,i(θ, ϕ)× (1− cos(θ − ϕ)) = 1
4pi
,
lim
θ−ϕ→2npi
J i,j(θ, ϕ)× (1− cos(θ − ϕ)) = 0.
Finally we discuss the special case except θ − ϕ = 2npi.
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Lemma 4.3 Let n ∈ Z and i, j = 1, 2 and i = j.
(i) In the case of θ − ϕ = 1
2
pi + npi, that is, cos(θ − ϕ) = 0.
J i,i(θ, ϕ) =
1
4pi
1
log a/b
+
∞∑
m=0
1
pi

(
a
b
)4m
(
1 +
(
a
b
)4m)2 +
(
a
b
)4m+4
(
1 +
(
a
b
)4m+4)2
 ,
J i,j(θ, ϕ) =− 1
4pi
1
log a/b
−
∞∑
m=0
1
pi
2
(
a
b
)4m+2
(
1 +
(
a
b
)4m+2)2 .
(ii) In the case of θ − ϕ = (2n+ 1)pi, that is, cos(θ − ϕ) = −1.
J i,i(θ, ϕ) =
1
4pi
1
log a/b
+
∞∑
m=0
1
pi

(
a
b
)2m
(
1 +
(
a
b
)2m)2 +
(
a
b
)2m+2
(
1 +
(
a
b
)2m+2)2
 ,
J i,j(θ, ϕ) =− 1
4pi
1
log a/b
−
∞∑
m=0
1
pi
(
a
b
)2m+1
(
1 +
(
a
b
)2m+1)2 .
Since the function x
(1+x2)2
is an increasing function on (0, 1), the jump rate J i,j(θ, ϕ) of
θ − ϕ = 1
2
pi + npi is bigger than that of θ − ϕ = (2n + 1)pi. For the jump rate J i,i(θ, ϕ),
we can see the value of jump rate dependence of the ratio of a to b.
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We consider the jump measure densities for Dirichlet forms of a non-local type corre-
sponding to the skew product diffusion processes of a one dimensional diffusion process
on R and the spherical Brownian motion on Sd−1. In [7], we showed a limit theorem for
the Dirichlet forms of local type to that of non-local type, in view of semi groups for time
changes of these skew product . Further, the Dirichlet forms corresponding to the limit
processes are obtained in [8]. The Dirichlet form corresponding to the limit process has
a diffusion part, a jump part, and a killing part. In this paper we discuss the jump rate
corresponding to the time changed skew product diffusion process of an extended Bessel
process and the spherical Brownian motion. We focus on a 2 dimensional case so that the
corresponding skew product diffusion processes is recurrent. We can find the effects of
the recurrent property to jump rates. We clarify jump measure densities corresponding
to Brownian motion on annulus.
